PHYS2170 Mathematical Methods 4

Problems Class 7: Solutions

1. (a) We can identify

~

Yy~ 1~ sin ¢2— coS (b; o}
x? x rcos? ¢ r cos? ¢

(b) To show it’s conservative, take the curl:
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The curl vanishes, so V is conservative.

(c) To construct the potential, we need V,, = 9,V and V,, = 0,V, for some potential
U(x,y). So, we have:
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0, ¥ = i U = - +9(y) (integrate z)
1

OV =——= VU= vy h(x) (integrate y),
T T

where ¢(y) and h(z) are arbitrary functions. For ¥ to be the same function
obtained either way, these function must equal each other, and are thus equal to
a constant. Hence, we must have U(x,y) = —y/x + const. Alternatively, you
might have just guessed this function [and then shown that it works...].

(d) The integral is given by
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V-dr:/ AV =V¥(r=3,y=3r—-5)—VY(r=1,y=3x—5) =U(3,4) — U(1,-2)
A
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2. (a) The normal vector for the vector area element is in the p direction, for the surface
of the cylinder. Hence, dS = pd¢ dzp.
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= 27(27) {—23] = 27(47)9 = 9727.
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(b) From the divergence theorem:

/V-WdV:%W-dS: W.dS + W.dS
1% S

curved surface,p  top/bottom surfaces,izz

The surface integral must be done over the entire surface bounding the cylinder.
However, because W is parallel to p and thus perpendicular to k, there will be
no contribution from the area integrals on the ends of the cylinder (since the

surface normals here are +k on the top and bottom, respectively, which implies



that W - dS = 0 on these surfaces). So the volume integral should give us the
same thing we found previously. The divergence of V is

V-W:lg(pvp) ;(p?w p) = 5(62° p) = 62°.

The volume integral is thus

/V WV = / dz/ dgb/ pdp (62) 6/ 2% dz (2m) (33%)

(547) [32°]°, = 54w 2L 27 = 9727,

3. For a radially symmetric solution, there is no angular dependence; hence only the
radial derivatives are non-zero in the Laplacian operator.

(a) For a radially symmetric solution in two dimensions, we have
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Integrating once yields pa‘l' = A, or —\ﬁ = A/p. Integrating once more yields
VU =Alnp+ B.

(b) For a radially-symmetric solution in three dimensions, we have
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Integrating once yields r2 ‘9‘1’ = A, or —p = A/r?. Integrating once more yields
U =—-A/r+B.



