PHYS2170 Math Methods 4 (Assignment 3: Solutions) Total point score: [20].
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2. Solve dy/dx = —9y with boundary condition y(1) = 12. 2]
y = Ae™ %, y(1) =12 = Ae™® — y(z) = 127D,
3. Solve d*y/dx?* = —9y with boundary conditions y(0) = 0 and ¢/(0) = 12. 2]

y= Asin3zr+ Bceos3z; y(0)=B=0; ¢(0)=34=12 = y=4sin3z.

4. Consider dy/dz* + 4d%y/dx® + 4d*y/dx?® = 0.. Calculate the general solution y(z).
What is the dimension of the solution space? [4]

Letting y = e yields,
M 44N 4407 =0 = (A +2)?=0.
So, A = 0 and A = —2 are both two-fold repeated roots. The general solution is then
the sum of four characteristic basis functions:
y(z) =ay +ayr+ase > +agre .
—— ~

~
for A=0 for A=—2

The dimension of the solution space is 4.

5. Solve 3% = %—{ for f(x,t), with boundary condition f(z,0) = e~ Sketch the solution
fort=20,1,2. [4]

We showed in class that the general solution to this equation is f(z,t) = g(x + 3t),
where g(z) is any function [Show this by substitution]. This is a wave pulse of some
shape, moving to the left with speed v = —3. Hence, if f(z,t = 0) = e~*", then the
general solution is f(z,t) = e~ (@+3)” The solution at different times is then obtained
by substituting ¢t = 0,1, 2:
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6.

(a) Show by substitution that the functions sin(x — ct) and sin(x + ct) are solutions

52 52
to 028—90}; = Wf. 2]

Substituting, we find
—c?sin?(z & ct) = —c*sin’(x £ ct), as expected.

(b) Hence show that h(x,t) = sin(xz — ct) + sin(z + ct) is a solution. 2]
This is the principle of linear superposition. Each function individually satisfies
the wave equation. Upon substituting the sum into the PDE, the order of sum
and partial derivatives can be interchanged to show that, if f; and f, satisfy the
wave equation with speed ¢, then the sum does:
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h(x,t) = sin(x — ct) + sin(x + ct)
= sinx cosct — cos x sin ¢t + sin x cos ¢t + cos x sin ¢t = 2 sin x cos ct.

The solution is a sine wave in the z direction that oscillates up and down in time:
a standing wave.



